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It is argued that the role of infinite dimensional asymptotic symme- 
try groups in gravity theories are essential for a holographic description 
— —i of gravity and therefore to a resolution of the black hole information 

qh paradox. I present a simple toy model in two dimensional hyperbolic/ 

<■ anti-de Sitter (AdS) space and describe, by very elementary consid- 

W) erations, how the asymptotic symmetry group is responsible for the 

entropy area law. Similar results apply also in three dimensional AdS 
space. The failure of the approach in higher dimensional AdS spaces is 
explained and resolved by considering other asymptotically noncom- 
pact homogeneous spaces. 
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1 Gravity in two dimensions 

Suppose that there is a theory of gravity in M 2 . It doesn't matter what 
the theory is, just that the symmetry group is Diff(M. 2 ) (the group of 
diffeomorphisms that map IR 2 to itself) as dictated by the principle of 
general coordinate invariance. We consider a toy model with two cases 
of boundary conditions for gravity: first "free" boundary condition 
which doesn't restrict the symmetry group and then an asymptotically 
hyperbolic/anti-de Sitter boundary condition, which does. 

1.1 Ink Model 

The "ink model" is defined in three steps. First, splash some ink on 
paper so that it forms a simply connected region (for simplicity) . Then 
place a grid, or a lattice, on top of it. Any kind of a lattice will do, 
but we can work with a standard evenly spaced square lattice. As a 
third step, define a "coarse graining" map, similarly to what is used in 
the renormalization group, which colors a lattice square black if most 
of the square area is covered in the ink, and leaves it white otherwise. 
We call the resulting image a configuration of the ink model. The 
process is illustrated in Fig. [T] 




Figure 1: a) A random ink blot on an 8 x 8 lattice, b) The same blot after 
coarse graining, c) Any coarse grained ink blot can be obtained by deforming 
any other ink blot by e.g. a conformal mapping on IR 2 . 



A symmetry group is such that an action by a group element trans- 
forms a solution into another one. Suppose now that the symmetry 
group Diff(M. 2 ) is large enough so that it can be used to obtain any 
(topologically equivalent) solution by acting on a known solution, e.g. 
the flat metric. Then all solutions, or configurations, can be labelled 
with elements in Diff(M. 2 ). Now we can ask the following question: 
how many distinct configurations are there in the ink model when we 



consider all the transformations in Diff(M?) on the initial state? 

It is easy to find the answer by heuristic arguments. The diffeo- 
morphism group can be used to morph the ink blot into pretty much 
any desired shape, so one could just as well start by mapping the blot 
into a ball that sits in the middle of the lower left square. It is then 
a simple process to obtain any desired configuration (even ones that 
have holes in the coarse grained image) by stretching the blot through 
all the squares and thinning at the squares that are supposed to be 
white after the coarse graining, see Fig. Hie) for an exampleP] There- 
fore the number of configurations, or degrees of freedom, for an N by 
iV lattice is 2 . The relative weights of the configurations are simply 
assumed to be equal, so that the entropy of the ink model is just the 
logarithm of the above number, S = N 2 log 2. If the length of a square 
is e and the length of the side of the system is denoted as L = eN, 
then S = (L/e) 2 log2. The entropy is therefore proportional to the 
volume of the system (which of course in this two dimensional case is 
the area), as one might expect. 



1.2 Hyperbolic Ink Model 

Consider now the same (or any) two dimensional gravity theory but 
with a different boundary condition. Specifically, the system is now 
enclosed in the upper half plane H 2 = {(x, y) £ M 2 |y > 0} with the 
requirement that the metric is asymptotically hyperbolic (or anti-de 
Sitter) near the boundary, i.e. that the metric tends asymptotically 
to the metric of the hyperbolic space, 

ds 2 = \(dx 2 + dy 2 ). (1) 

This reduces the group of diffeomorphisms into a subgroup of asymp- 
totic symmetries which leave the above metric asymptotically invari- 
ant as the boundary at y = is approached. It is in fact convenient 
to express the metric in complex coordinates with z = x + iy as 

, 9 dzdz . . 

<s{z) z 

It is then easy to see that the asymptotic symmetries can be ex- 
pressed as conformal maps from the upper half plane to itself: (z,z) —> 



1 In fact, it would be possible to do this with only a conformal transformation by 
resorting to the Riemann mapping theorem. 



(f(z), f(z))r\ The corresponding conformal group will here be de- 
noted as Con/(H 2 ). Note that at the boundary y = the group 
action becomes simply x —> f(x). These transformations form the 
diffeomorphism group of the circkQ which means that there is a local 
isomorphism Conf(W 2 ) ~ Diff(S 1 ). Now we can ask a similar ques- 
tion as in the Diff invariant case: how many distinct configurations 
are there in the ink model when we consider all the transformations 
Conf(U 2 ) C Diff(R 2 ) on the initial state? 
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I claim that for large N the number of states is proportional to 
2^, which leads to an area law for the entropy, S ex L. The claim can 
be proved easily by a scaling argument and some elementary algebra. 
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Figure 2: An 8x8 lattice scaled by a factor of 2. The systems are equivalent, 
since scaling is an isometry. 



Consider e.g. an 8 x 8 lattice as in Fig. [2} A scaling z — > Xz for 
A G R is an isometry and therefore a symmetry of the system. Then 
the system obtained by scaling the original system by, say, a factor of 
2 is identical to the original one and, specifically, has the same num- 
ber of configurations. This is true also inside a system, which leads 
us to conclude that the true degrees of freedom reside on a hyperbolic 
tiling of the system. This is illustrated in Fig. [3] with varying distance 
h from the boundary. One should specifically note that the number 
of hyperbolic squares approaches the number of original squares as h 



2 We also demand that the / are isotopic to identity. 

3 The upper half plane is conformally equivalent to a unit disc, i.e. 



the boundary is 



actually S 1 . 



approaches infinity. 
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Figure 3: True degrees of freedom for an 8 x 8 lattice when increasing the 
height h from the boundary. Each of the hyperbolic squares inside a lattice 
have the same number of degrees of freedom. 



Counting the number of configurations proceeds as follows: Con- 
sider an N x N lattice of square side length e placed at height h from 
the boundary, as in Fig. [3} Then the next row of hyperbolic lattices 
starts at height h + e = (r^r~) h and the next one at (-^) h and so 
on, until the JV:th row is reached. In general the squares won't all 
fit inside the lattice, in which case we simply ignore the "residual" 
parts: for large N the error will be small. The number of rows of the 
hyperbolic lattice is then (approximately) 



N' 



log (1 + N5) 
log (1 + 5) ■ 



(3) 



where 6 = e/h. The approximate number of total hyperbolic squares 
is then 



JV'-l 



/(<$, n) = n y, (i + $r k = ^Ln 2 . 

k=0 



+ N5 
There are three obvious limiting cases. The first is large N with 



(4) 



v(6,N) w (l + h/e)N 
resulting in the entropy 



(5) 



S = log 2"^) « (1 + h/e)N log2. 



(6) 



The second case is when 8 — > oo (i.e. h — >■ if e is thought of as 
the Planck constant), which gives simply S = N\og2. The third case 
is <5 — >• 0, i.e. h — > oo, which leads to S = iV 2 log2, i.e. the entropy 
respects the usual volume law of classical thermodynamics. We con- 
clude that the entropy respects an area law near the boundary, but 
tends to the usual thermodynamic entropy far from the boundary. It 
is interesting to think about this in the context of the Riemann Map- 
ping Theorem, which is here seen to fail near the boundary, i.e. there 
are simply connected regions that cannot be mapped to each other. 
The reason for this is that we have only "one half of the conformal 
mappings at hand, since the upper half plane maps to itself. 

The derivation of the entropy area law above relied on two impor- 
tant facts: 

1) Existence of an infinite dimensional asymptotic symmetry group. 
Indeed, if the asymptotic symmetries were only finite dimen- 
sional, the entropy thus derived would behave as oc log N. 

2) Non-existence of a too infinite dimensional asymptotic symmetry 
group, such as Diff(M?). This would result in a volume law for 
the entropy and therefore to the black hole information paradox. 

2 AdSz and higher dimensions 

The asymptotically AdS% case is an almost trivial generalization of 
the AdS2 case. There is now an extra time-like coordinate and the 
metric is 

ds 2 = -z (dx 2 - dt 2 + dy 2 ) . (7) 

y z 

The asymptotic symmetry group is simply the pseudo-conformal group 
of two dimensional Minkowski space and it is locally isomorphic to 
Diff(S 1 ) x Diff(S 1 ). For a constant time slice, the entropy area law 
is identical to the above case of AdS2 /hyperbolic space. 

Then how about higher dimensions? For M 2 , a.k.a. AdS2, the 
asymptotic symmetry group is (locally) isomorphic to Diff^S 1 ), for 
AdS 3 it is DiffiS 1 ) x Diff(S r ) and for AdS 4 it turns out to be... 
SO(2,2;M). Damn! As already mentioned, in this case the "ink 
model" construction fails and the entropy derived by the above meth- 
ods can only be at most logarithmic in N. 



But not so fast! When looking at the AdSd spaces at 2, 3 and 4 
dimensions carefully, we note something odd. In a sense, AdS± is not 
the logical step from 2 and 3 dimensions. In fact, one can define the 
AdSd spaces as the homogeneous spaces SO(2,d — l)/SO(2,d — 2)Jj 
In low dimensions there happens to exist so-called "accidental iso- 
morphisms" of Lie groups (or rather their covering groups), namely 
SO(2, 1) ~ SL{2) and SO(2, 2) ~ SL{2) x SL{2). We note then that 
AdS% space is just the Lie group SL(2) and AdS2 is the homogeneous 
(symmetric) space SL{2)/ SO{2)\ It was the current author's idea to 
then find out what kind of asymptotic symmetries the five dimensional 
symmetric space SL(3)/SO(3) might possess. [I] It turns out that the 
asymptotic symmetries indeed do form an infinite dimensional sym- 
metry group, which, according to a soon to be published work by the 
current author et al., is Diff(S 2 ). 

3 Concluding remarks 

It is tempting to draw the conclusion that the resolution of the black 
hole information paradox requires a holographic universe with a spe- 
cific infinite dimensional asymptotic symmetry group, which can only 
result from a noncompact geometry of spacetime. In other words, the 
principle of general coordinate invariance would need to be replaced 
with a " principle of asymptotic coordinate invariance" , which would 
mean that not all diffeomorphisms can be symmetries in gravity, but 
only the ones that preserve the asymptotic geometry. Of course it 
would make sense to try to find a four dimensional space-time with 
an infinite dimensional asymptotic symmetry group, which sounds like 
an interesting research project. 
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...over the real numbers. 



